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Objectives of the Lecture

v" Why quantum computing is necessary?

v" What is the HHL algorithm?

v" Simulation of guantum algorithms.
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Why quantum computing IS necessary?
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The Need for Quantum Computation
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The Need for Quantum Computation
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The Need for Quantum Computation
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Key Concepts in Quantum Computing

® Qubit Superposition @

Two States
1-=0
1=0

"0

[W> = 04|0> + az|1>

Where o; and a., are complex numbers and o1 |?+ |op]?= 1
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Key Concepts in Quantum Computing

Quantum Computer Computer
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Key Concepts in Quantum Computing

Classical computer VS Quantum Computer
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Quantum circuits and Quantum Algorithm

 In the quantum circuit model, the wires represent qubits and the gates represent both unitary

operations and measurements.

+
1

do

di

dz

.
C = Ol jSp0
Gl 9lio
Ull 509195 \



Quantum circuits and Quantum Algorithm

 In the quantum circuit model, the wires represent qubits and the gates represent both unitary

operations and measurements.
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Quantum physics timeline

2020: Chinese scientists
claimed 100 trillion faster
of quantum supremacy

2018: Intel confirms

The Foundations From Theory to Practice Commercialization & Application
. Jan 2017: D-Wave makes
1994: Shor’s Algorithm  2004/5: Firstphoton 2000Q system
1929: Dirac, one of the for finding primefactors entanglement + first commercially available
founders of quantum physics sparkshugeinterestin  quantum byte (qubyte)

writes that physicists now quantum computing May 2017: 1BM announces

k_now alllaws necessary to 1980 2010 1§;q;|b|it n;'a‘chllne .

simulate chemical systems I e Gllarn 1998: First working I availableintheclou

cryptography (1BM) 2-qubit quantum

2010: D-Wave announces
first commercially

I
Sep2017: Microsoft
reveals quantum

available QC programming language

development of 49-qubit
chip

2021

1965: Feynman’stheories of I computer I
quantum-electro-dynamics l demonstrated I
1900’s [ [
1925: Schrddinger | 1996: Grover's ]
Equation proposed database search
2 l algorithm l
1935: TheEPR paradoxisa 1981: Feynman proposes
thought experiment quantum phenomenon to
intended to demonstrate an perform computations
inherent paradoxin the early 2001: Usinga 7-qubit
formulations of quantum computerresearchers at
theory;itisamong the best- IBM/Stanford factor the
known examples of quantum number 15

entanglement

2016: IBM makesa 5-
qubitQCavailable to
developers &researchers
for experimentationviaits
cloud portal

Oct 2017: Google
announces OpenFermion:
Open source chemistry
package for QC

Nov 2017: IBM announces

20-qubit machine available

in cloud & first working 50-
qubit processor

-

2019: Googleclaimsto

have reached quantum

supremacy forthe first
time

2019: I1BM launches first
commercial 20-qubit QC



Which companies
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: Canada Europe lementsix. (IR \7
D:\Wauk * Inst. for Quantum Computing (2002) * Netherlands: QuTech (2014) % I\ B Uy Ly &IDQ N\
* Inst. Quantique (2015) * United Kingdom: National Quantum Technologies Program (2014)
1C.Bit o * EU: Quantum Flagship (2016) BlueFors
IBM q|b) quentvm  NIOKIA Bell Labs * Sweden: Wallenberg Center for Quantum Technology (2017)
| I Microsoft * Germany: Fraunhofer — IBM alliance (2019)
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What does a quantum computer look like?
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Type of problem

1

The
classification
of different

types of

problems and

their

applications.

Combinatorial

optimization

Differential

equation

Linear
algebra

Factoring

Useful for

Minimizing or maximizing an objective
function, such as finding the most
efficient allocation of resources or the
shortest distance between a set of points
(e.g., the Traveling Salesman Problem).

Modeling the behavior of complex
systems involving fundamental physical
laws (e.g., Navier-Stokes equations for
fluid dynamics and chemistry).

Machine learning techniques such as
clustering, pattern matching, and
principal component analysis, as well as
support vector machines, which have
widespread applications in industry.

Cryptography and computer security,
where today's most common protocols
(such as RSA) rely on the feasibility (for
classical computers) of factoring the
product of two large prime numbers.

Industrial applications

Network optimization
Supply chain optimization

Portfolio optimization

Computational fluid dynamics
simulation

Molecular simulation for the
discovery of specialized materials

and drugs.

Risk management in finance
DNA sequence classification

Marketing

Codebreaking and cryptanalysis
(e.g., for government agencies).



Automotive Aerospace Chemical Materials Financial Services  Biological Sciences

* Traffic flow management ) )
+ Air traffic control «Chemical reaction *Risk management -Biological target
. * Automotive design identification
The I mbpact Leading use cases -Aircraft design optimization| | modeling and «Dynamic portfolio _ _
p of quantum optimization Evidence synthesis for
of quantum computing - being AR optimization management identification and
explored b * Crash simulation o
- ingustry y optimization -Battery manufacturing «Derivatives pricing optimization
com p u tl N g * Battery manufacturing _ - «Drug interaction detection
) «Cargo loading optimization «Molecular simulation *Detection of financial . . .
on various » Industrial efficiency - -Disease diagnosis
*Supply chain optimization and discovery data manipulation «Clinical trial optimization
Industrlal + Supply chain optimization
The added value
ted b - _ . _
problems quantum computing $80 billion. $300 billion. $120 billion. $200 billion.
is estimated to be
$700 billion.
. «Efficient automotive «Efficient aircraft *Entering new markets «Better understanding of +Faster drug production
Potential
i . d satellit through new materials risk exposure «Efficient drug development
Benefits production and sales and satetiite P
manufacturing *Producing efficient «Improved portfolio returns *Higher return on investment
*Designing better materials .
products «Lower fraud risk *Entering new markets
*Entering new markets




What is the HHL algorithm?
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Applications of System of Linear Equations

dx + 3y =7 i

x—2y =-—1
3x+5y =28

v As aresult linear system problem (LSP) can be represented as the following:

AX=Db
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Applications of System of Linear Equations




Applications of System of Linear Equations

Machin

Graph learning
AEWAIS

Partial
Optimization Differential
Equation

Leak
Detection an
Localization
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Applications of System of Linear Equations

Blobs linearly separable

wr+b=1
3 - wr+b=20
wxr+b=—1
2_
1_
0_
o
_1—
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System of Linear Equations

Gaussian Elimination

A+Y-2 =
ax y+z=>5

=X -}aﬁ\i-\'&'_t =

The LU decomposition

Algorithms Time complexity
Gauss-Jordan elimination O(n3)
Strassen algorithm [14] O (n?-807)
Coppersmith-Winograd algorithm [15] ({5270 Slasini 5o
Williams algorithm [16] O(n?279) el Q @




Iterative Method for Solving System of Linear Equations

Z Ei,ng-k—i_l) — Z F@jngk) + bf,/
J J

Various selections of the matrices E and F lead to different iterative methods.

1,] .

E,; = —D;;+L;; 0, otherwise.
W ( e .
1 U B Ai,ja lf 1< yE
R - o TT. . i = S .

Fij = (w 1) D;j — Ui, ! \O, otherwise.
I A, iti>7g.

" 0, otherwise.  .iaaus,
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The Harrow-Hassidim-Lloyd Algorithm (HHL)

Harrow-Hassidim-Lloyd (HHL)

1 This is a quantum algorithm for solving a system of linear equations.

1 This algorithm is designed based on quantum computer.

(1 This algorithm uses the quantum phase estimation and Fourier transfer.

1 This algorithm provides an exponential speedup.

B8 jS)0
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The HHL Algorithm

v Alinear system problem (LSP) can be represented as the following:

AX=Db
v Where A'is a Nb * Nb Hermitian matrix.

%=A"1p 2 2
AT 0

v For simplicity, it is assumed Nb = 210,
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The HHL Algorithm Main ldea

» Since A Is a Hermitian matrix, it has a spectral decomposition as follows:

2™ —1 2™ —1

A= z Ailuiui| ,2; €ER — At = 2 A g M|
i=0 1=0

» Accordingly, the right side of the equation can be written as follows based on the eigenvalues:

an—l an—l
2
Y=Y bl) ). Inl*=

j=0 J=0
znb_l an—l

_ -1 ~1p 1%

lx) = A71|b) = z A “bilu;) Z |’1i bjl = s 350

i=0 1=0 wffﬁﬁ@Q



The HHL Algorithm

v" The below figure shows the schematic of the HHL.

{  Quantum Phase Estimation (QPE) !  Inverse Quantum Phase Estimation (QPE)!
% : = ﬁ :
5 i i E 1 | Measur-
[ RY ] | ement

State nbé . _ i

|¢o> |¢1> |¢2> |¢3> ) [s) W6 ) [Pg) o)

0y 1 10)q
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The HHL Algorithm (Loading)

Bo
1851 = :80 |0> +,81 |1> +"'+'Bnb—1 |nb — ]_) — |b>
ﬁnb—l

ol
|

i Quantum Phase Estimation (QPE) ! Inverse Quantum Phase Estimation (QPE)!
: X W i 5 _ :
1 i 5 i ; 1 Measur- g g §
10)q E i i 5 RY ement 5 5 10)a

State nbg . _ i

|¢o> |¢1> hpz) |¢3> [.) [s) [e) ) [Pg) o)
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The HHL Algorithm (Phase Estimation)

Therefore, In QPE, qubits of stability ¢ are used to represent the phase information U and the

accuracy depends on the number of qubits n.
U|b) = eZni(le)

Since the relationship between U and A is U= e'4t, assuming that |b) is the eigenvector of U:
Ulw;) = e"*|u;)

By equalizing 2mi@ and iA;t angle @ = A;t/2m as a result by considering /Tj = Ajt/2m:

[P,) = |u;)[4;)]0)q Sl o

(N ©



The HHL Algorithm (Phase Estimation)

2™b—1
[YP,) = 2 bi|u;)14;)10)
j=0
Quantum Phase Estimation (QPE) Inve rse Quantum Phase Estimation (QPE)l

E E i Measur- § i
R I
State ®iAt nbé : ®—1At
0 .. 0>b preparatlon e i € . |x)b

|¢o> |¢1> hpz) |¢3> [.) [s) [e) ) [Pg) o)

|

Y1) = |b)p[0...0)]0 TE
I/)1 | )bl )cl )a ubﬁfnﬁg & @



The HHL Algorithm (Eigen Value Inversion)

By applying the rotation gate along the y axis, we have:

nyp_

2 1 ) 2 C
W)= D blw)lh) (1= 51000 +5110)

j=0 \ 4j J

If the ancilla qubit is |0), the result is discarded and the calculation is repeated until the

measurement is |1). Therefore, the desired final wave function is as follows:

1 ‘o c
o) = D blw)lA) 10,
biC|* 7= 4
Zz,nb_l ]~ J=0
J=0 A 184825 S0

\ j (N @



The HHL Algorithm (Eigen Value Inversion)

27b-1 1 - C
- = bilu)A:)=|1
) = Z b |u;)14;) 10, %6 — Z )| ])Ajl a
=0 s |C1 =0
\ T
I ]
Quantum Phase Estimation (QPE) Inverse Quantum Phase Estimation (QPE)E
; | ) 5 5 _ :
E E | § | Measur- § § :
10y i s i 51 s s 10}a

State nbé . i

|¢o> |¢1> |¢2> |¢3> ) [s) [P ) ) o)

|
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The HHL Algorithm (Uncommuted Step)

Apply this stage according to the entanglement of the b and |/’~lj):

1
[Poy) = %)]0)™[1),
C 2"b—1 bj ’
\ j
Since;:
2ol =1
As a result;

o) = |2)10)5"1)q

" et O
GBG)9
Bl O\



Implementation of the HHL algorithm on Qiskit platform

print('naive state:')
print(naive_hhl solution.state)

naive state:
| 11 ] [ ]

qa: { circuit-7 H3 I 13 I
' | |/l |
q5_0: {0 H2 Ho H
| QPE || || QPE_dg |
q5_1 11 Ha H2 b
| [l 1/x || |
q5_2: {2 Ho H2 H
| L J
Q6: =5 F
gL g

print('classical Euclidean norm:', classical_solution.euclidean_norm)
print('naive Euclidean norm:', naive_hhl_solution.euclidean_norm)

1423
Ol84825 jSyo

naive Euclidean norm: 1.i85854122563138 =
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Implementation of the HHL algorithm on Qiskit platform

The accuracy of HHI algorithm has been investigated by solving two sets of equations.

First example: Solving a 2*2 system of equations:

from giskit.algorithms.linear_solvers.numpy_linear_solver

import NumPyLinearSolver

matrix = np.array([[1, -1/3]1, [-1/3, 11])
vector = np.array([1l, 0])

nhaive_hhl_solution = MY_HHL().solve(matrix, vector)

classical_solution = NumPyLinearSolver().solve(matrix, vector / np.linalg.norm(vector))

W88 jSpo
Lovyg9Lisd
print('classical state:', classical_solution.state) Ubiiﬂgs &



Implementation of the HHL algorithm on Qiskit platform

Second example: The solution of a 3x3 equation device has been investigated.

#Hdefine matrix and vector for solve

vector = np.array([0.000049, 0.0019531 ,0.00049,0])
naive_hhl solution = MyHHL().solve(matrix, vector)

classical_solution = NumPyLinearSolver().solve(matrix, vector / np.linalg.norm{rector))

ULQ.LQ_?JJS).O
print('classical state:', classical_solution.state) slog)glis Q

Ul 09lgS



Implementation of the HHL algorithm on Qiskit platform

print('naive state:')
print(naive_hhl solution.state)

nalive state:

| 11 1 ] 1
qQd_0: 40 H7

| 74 F
| leixrcuit-7 || | | |
a_a: Ja Hs 1 13 .
: ' | pgmme—ati! |
qQ5_0 o Heé Ho F
I | | | I
qQs_a i1 Hs 1 H
| | | | |
qQ5_2 {2 QPE Ha2 H2 ope_dg }
I | | | I
qs43 13 H3 H3 F
l [l 2/x || |
Q3_4 14 K2 Ha F
I | | | I
Q5_5 = 1 Hs -
I | | | I
qQ5_6 16 He Heé F
I—.II Il ]
qQb6: 17 |
1

uLQ.L.Q.RJJ.S).O
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Implementation of the HHL algorithm on Qiskit platform

print('classical Euclidean norm:', classical_solution.euclidean_norm)
print('naive Euclidean norm:', naive_hhl_solution.euclidean_norm)

classical Euclidean norm: 38.42922665790783
nhaive Euclidean norm: 38.43989823369082

from qgiskit.quantum_info import Statevector

naive_sv = Statevector(naive_hhl_solution.state).data

naive_full vector = np.array([naive_sv[512], naive_sv[513],naive_sv[514], naive_sv[515]])
print('naive raw solution vector:', naive_full_vector)

naive raw solution vector: [-2.73876640e-01-2.73876640e-01] -4.00967262e-01-4.00967262e-01]
-1.04173614e-02-1.04173614e-02j 3.60496340e-16-4.84428988e-17j ]

print('full naive solution vector:', -
naive_hhl_ solution.euclidean_norm®*naive_full vector/np.linalg.norm(naive_full_vector))
print('classical state:', classical_solution.state)

full naive solution vector: [ 2.16760881e+01 3.17347318e+01 8.24486687e-01 -2.85316427e-14]

classical state: [21.70665637 31.7008716 0.82539112 0. ]

Slasans o

SN ©



Time Complexity of HHL and classical algorithm

Comparing the solving speed of HHL algorithm with increasing problem size (n)

Time Complexity
N ¢
0(2%)

o | om) | o6
s
2 O(n) ~1
] b o
(@)
o)

. Input Size

. # classic #Quantum
Matrix size : .

operation operation

10*10 103 = 1000 log,,10 =1
20*20 203 = 8000 log,020 =1.3
30*30 302 = 1000 log,030 =1.47
40*40 403 = 1000 log,,40 =1.6
50*50 503 = 1000 log,0, 50 =1.69
100*100 1003 = 1M log{o 100 =2
1000*1000 10003 = 1G log1, 1000 =3

©



Qiskit toolkit and quantum algorithm simulation
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Quantum Computing Software Of 2024

1| Quantum Inspire

{Quanuminsgie Bt for diverse quantum backends compatibility

« Pricing upon request

2| Amazon Braket

Best for experimenting with quantum hardware

s From $0.075/user/month (billed based on usage).

3| Azure Quantum

Best for cloud quantum resources on Azure

« Pricing upon request

4| Rigetti Computing

Best for quantum-first hybrid systems

» Pricing upon request

=== = (5] IBM Quantum Cloud Software

. - .- Best for open-source quantum community collaboration
-

e Pricing upon request

—1 |6] Intel Quantum Simulator

S— Best for high-performance quantum simulations

« Pricing upon request

7| D-Wave Leap

I;!LJE:U? Best for annealing-based quantum computing

* Pricing upon request

8 | Xanadu PennyLane

Best for quantum neural networks

« Pricing upon request

9| Quantum Al

[] Best for Google's quantum research ecosystem

« Pricing upon reguest

10| qBraid

o Best for quantum learning environments
o

lvgyglis
St (N

« Pricing upon request

e



Quantum Computing Software Of 2024

11

13

15

17

19

Strangeworks

Best for collaborative quantum
projects

ProjectQ

Good for easy integration with C++

OpenFermion

Good for guantum algorithms in
chemistry

QX Simulator

Good for high-level guantum
assembly programming

Zapata Computing

Good for gquantum-enhanced
machine learning

12

14

16

18

QuTiP

Best for open-source quantum
dynamics

QC Ware

Good for enterprise quantum
solutions

BlueQubit

Good for cloud-based quantum
simulations

Strawberry Fields

Good for photonic guantum
computing

ol }S).c.a
slos)9lis
Ulpl 0glgS
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Qiskit Overview

Institution

First Release
Open Source
License
HomePage
Github
Documentation
05

Language

Quantum Language

IBM

0.1 on March 7, 2017

Yes

Apache-2.0

https://qiskit.org/
https://github.com/Qiskit
https://qiskit.org/documentation/
Mac, Windows, Linux

Python

OpenQASM

Version Information

Qiskit Software
Qiskit

Terra

Aer

Ignis

Aqua

IBM Q Provider

Version
0.17.0
0.12.0

041
020
06.5
06.0

ubﬁfﬁiﬂi @ @



Installation

* Python /Anaconda (highly recommended for learning)
* pip install qgiskit

* pip install numpy

* pip install mathplot

* pip install histogram

Q - X - }-S)‘°

ubﬁfﬁﬁ'ﬁ Q\ @



Qiskit Code Example

In [1]: from giskit import QuantumCircuit

q_bell = QuantumCircuit(2, 2)
q_bell.barrier()

q_bell.h(0)

q_bell.cx(0, 1)
q_bell.barrier()
q_bell.measure([0, 1], [0, 1])

q_bell.draw(output="mpl',plot_barriers=True)

Out[1]:

do .

a1

0
H~

In [2]:

out[2]:

from giskit import Aer, execute

from qiskit.visualization import plot_histogram
backend = Aer.get_backend('qasm_simulator’)
job_sim = execute(q_bell, backend,shots=100000)
sim_result = job_sim.result()

print(sim_result.get_counts(q_bell))
plot_histogram(sim_result.get_counts(q_bell))

{'11': 50254, '00': 49746}

0.60

0.497

Probabilities

0.45 -
0.30
0.15-
0.00°
S

0503

uLQ.;.Q:u)SJ.o
slovs gLis
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Quantum Fourier transform

« Given these two gates, a circuit that implements an n-qubit OFT is shown below.

H — .. —UROT”_Q —UROT;;_l

1
I
|.I'l) —H “T“UROT-_; "T— --- —UROT,,_, HUROT,

I I
I I
I I
I I
I I
I [
I I
I I
! |

SRR NN R | N
SRR NN R | EN

» The circuit operates as follows. We start with an n-qubit input state [x1x2...xn).

1. After the first Hadamard gate on qubit 1, the state is transformed from the input state to
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https://github.com/Qiskit/textbook/blob/aebdd2bc86ddb7a79dd8441d52c839d312ffafbb/notebooks/ch-algorithms/#qfteqn

Quantum Fourier transform

def gft_rotations(circuit, n):
if n == @: # Exit function if circuit is empty
return circuit
n -= 1 # Indexes start from 8
circuit.h(n) # Apply the H-gate to the most significant qubit
for qubit in range(n):
# For each lLess significant qubit, we need to do a
# smaller-angled controlled rotation:
circuit.cp(pi/2##(n-qubit), qubit, n)

e Let’s see how this looks:

= QuantumCircuit(4)
qft_rotations(qc,4)
qc.draw()

do ®
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Quantum Fourier transform

« Great! This is the first part of our QFT. Now we have correctly rotated the most significant qubit, we need to

correctly rotate the second most significant qubit.

def gqft _rotations(circuit, n):
"""Parforms gqft on the first n qubits in circuit (without swaps)"""
if n ==
return circuit
n -=1
circuit.h(n)
for qubit in range(n):
circuit.cp(pi/2##*(n-qubit)}, qubit, n)
# At the end of our function, we call the same function again on
# the next qubits (we reduced n by one earlier in the function)
qft_rotations(circuit, n)

# let's see how it Llooks:
qc = QuantumCircuit(4)
qft_rotations(qc,4)
qc.draw()
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Quantum Fourier transform

 Finally, we need to add the swaps at the end of the QFT function to match the definition of the QFT.

def swap_registers(circuit, n):
for qubit in range(n//2):
circuit.swap(qubit, n-qubit-1)
return circuit

def gft(circuit, n):

""MQFT on the first n qubits in circuit™"™"

qft_rotations(circuit, n)
swap_registers(circuit, n)
return circuit

# Llet's see how it Looks:
qc = QuantumCircuit(4)

qft(qc,4)

qc.draw()
do $ H V2
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Quantum Fourier transform

* We now want to demonstrate this circuit works correctly.

 To do this we must first encode a number in the computational basis.

# Create the circuit qG _n_
gc = QuantumCircuit(3)
# Encode the state 5 Ch

qc.x(@)
qc.x(2)

gqc.draw() gz I

sim = Aer.get backend("aer simulator")

qc_init = gc.copy()

gc_init.save_ statevector()

statevector = sim.run(gc_init).result().get statevector()
plot_bloch multivector(statevector)

qumto quhtl qubit 2
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Quantum Fourier transform

qft(qc,3)
qc.draw()
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statevector = sim.run(qc).result().get statevector()

gc.save_ statevector()

plot_bloch multivector(statevector)
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